Abstract-We study the problem of interference management in fast fading wireless networks, in which the transmitters are only aware of network topology. We consider a class of retransmission-based schemes, where transmitters in the network are only allowed to resend their symbols in order to assist with the neutralization of interference at the receivers. We introduce a necessary and sufficient condition on the network topology, under which half symmetric degrees-of-freedom (DoF) is achievable through the considered retransmission-based schemes. This corresponds to the "best" topologies since half symmetric DoF is the highest possible value for the symmetric DoF in the presence of interference. We show that when the condition is satisfied, there always exists a set of carefully chosen transmitters in the network, such that by retransmission of their symbols at an appropriate time slot, we can neutralize all the interfering signals at the receivers. Quite surprisingly, we also show that for any given network topology, if we cannot achieve half symmetric DoF by retransmission-based schemes, then there does not exist any linear scheme that can do so. We also consider a practical network scenario that models cell edge users in a heterogeneous network, and show that the characterized condition on the network topology occurs frequently. Furthermore, we numerically evaluate the achievable rates of the DoF-optimal retransmissionbased scheme in such network scenario, and show that its throughput gain is not restricted to the asymptotic DoF analysis.
I. INTRODUCTION
As wireless networks grow in size and become more and more distributed and heterogeneous, coordination among users and acquisition of channel state information (CSI) gets much more complicated. As a result, there has been a growing interest in development of interference management techniques that rely only on a minimal level of channel state knowledge at the transmitters.
Our focus in this paper is on the scenario in which interference management primarily relies on a coarse knowledge about channel states in the network, namely the "topology" of the network. Network topology simply refers to the 1-bit feedback information for each link between each transmitter and each receiver, indicating whether or not the signal of the transmitter is received above the noise floor at the corresponding receiver. There have been several prior works in the literature that have considered this scenario. In [1] , it is assumed that transmitters are aware of the network topology as well as the actual channel gains within a local neighborhood; the concept of normalized capacity was introduced by characterizing the maximum achievable rate using this channel knowledge as a fraction of the achievable rate using global channel state information. In [2] , the authors considered a more restrictive scenario, called topological interference management (TIM), in which the transmitters are only aware of the topology with no information about the channel coefficients. It has been shown that if the channel gains in the network remain constant for a sufficiently large time, then topological interference management is closely connected to the classical index coding problem (see, e.g., [3] [4] [5] ), and via this connection, a class of linear interference management schemes has been introduced which rely on the network topology knowledge to align the interference over time at unintended receivers.
In [6, 7] , the authors considered a class of retransmissionbased schemes that only allows transmitters to resend their symbols in order to assist with the neutralization of interference at the receivers. Besides their simplicity, these schemes are robust to channel variations over time and were shown to be optimal in terms of the symmetric degrees-of-freedom (DoF) in many classes of topologies via the outer bounds developed in [6, 7] . In this paper, we aim to characterize the "best" topologies for topological interference management with just retransmission; i.e., the topologies for which half symmetric DoF is achievable by a retransmission-based scheme. It is easy to see that in topologies where at least one transmitter is interfering at an undesired receiver, the symmetric DoF is upper bounded by 1 2 . Thus, the topologies in which half symmetric DoF is achievable represent the best topologies that one can hope for (from the degrees-of-freedom perspective).
When such retransmission restriction is not imposed on the TIM schemes and the channel gains in the network are assumed to remain constant for a long-enough period of time, the necessary and sufficient condition on the network topology for achieving half symmetric DoF was characterized in [2] . For the case of retransmission-based schemes, a sufficient condition for the achievability of half symmetric DoF was derived in [8] . However, the characterization of a necessary and sufficient condition has remained open. Moreover, it is not known whether or not extending the transmission schemes to any general linear scheme makes the half symmetric DoF achievable in a larger class of topologies.
In this work, we close the gap in the results on half symmetric DoF by introducing a necessary and sufficient condition under which the symmetric DoF of 1 2 is achievable under retransmission-based schemes in the case of timevarying channels (i.e., without requiring the channels to remain fixed for a long enough time). The condition is based on a new concept of reduced conflict graph which is a variation of the regular conflict graph used in previous works. Basically, the condition states that for a given topology, half symmetric DoF is feasible (under retransmission-based schemes) if and only if the corresponding reduced conflict graph is bipartite. Quite surprisingly, we also show that the same result holds even if we allow for all linear coding schemes. In other words, we show that for any given network topology with timevarying channels, if we cannot achieve half symmetric DoF by retransmission-based schemes, then there does not exist any linear scheme that can do so.
In order to prove the result, we show that when the condition is satisfied, there always exists a set of carefully-chosen transmitters in the network, such that by retransmission of their symbols at an appropriate time slot, we can neutralize all the interference at the receivers. More specifically, we show that only the transmitters which correspond to vertices in the reduced conflict graph that have no outgoing edges need to retransmit their symbols to allow for neutralization of interference at all receivers. Furthermore, through a novel upper bounding technique, we show that if the condition on the reduced conflict graph is not satisfied, no linear scheme can achieve half symmetric DoF, hence proving the necessity of the condition. The upper bound is based on the fact that if half symmetric DoF is achievable in a topology, then any pair of transmitters which are causing interference at a third receiver should both be silent for half the time slots; i.e., their transmission should be "physically" aligned.
We also numerically analyze the half symmetric DoF feasibility condition under a network setting that models cell edge users in heterogeneous networks. We first evaluate the fraction of network realizations in which this condition is satisfied, and show that this fraction is significant for a reasonable range of the number of users in the network. Furthermore, we compare the distribution of the actual user rates achieved by our scheme with half the interference-free point-to-point rates and observe that the gap between them is significantly low, hence demonstrating that the considered retransmissionbased coding scheme performs extremely well in neutralizing the interfering signals over time and its promising performance generalizes beyond the DoF analysis. We also illustrate that the considered scheme outperforms interference avoidance for representative example topologies. It is important to point out that another implication of the numerical results is that even if we account for the interference from all the transmitters (as opposed to the network topology where the weak interfering links are entirely removed from the network), the coding scheme still provides gains over the benchmark schemes.
II. SYSTEM MODEL
In this paper, we study K-user interference networks com-
Each transmitter T i intends to deliver a message W i ∈ W i to its corresponding receiver D i . We assume that each receiver is subject to interference only from a specific subset of the other transmitters and the interference power that it receives from the rest of them is below noise level. This leads to a network topology indicating the interference pattern in the network.
We assume that transmitters have no knowledge about the realization of the channel gains except for the topology of the network. However, the receivers have full channel state information. We refer to this assumption as no CSIT (channel state information at the transmitters) beyond topology. Each transmitter T i encodes its message W i to a vector x n i of length n and transmits this vector over n time slots. Each receiver D j receives the following signal over n time slots This assumption is what we will refer to as "time-varying" channels. 1 Upon receiving this signal, each receiver D j will generate an estimate of its desired message, calledŴ j , based on its knowledge of the channel gains. The probability of error P e is defined as the probability that at least one receiver makes an error in decoding its message; i.e.,
The rate tuple (R 1 , ..., R K ) where R i = log |Wi| n , i ∈ {1, ..., K} is said to be achievable if there exists an encoding and decoding scheme for which the probability of error P e goes to zero as the blocklength n → ∞.
is achievable. Next we will describe the classes of linear and retransmission-based coding schemes.
A. Description of Linear Schemes
Assume that each transmitter T i intends to send a vector w i ∈ C mi of m i complex symbols to its desired receiver D i . This message is encoded to the transmit vector x n i = V n i w i , where V n i denotes the n × m i linear precoding matrix of transmitter i, which can only depend on the knowledge of topology. Under such a scheme, the received signal of receiver j over the n time slots in (1) can be rewritten as
1 The case where the channel gains remain constant for a long period of time does not fall into this category since the corresponding joint channel distribution is not continuous.
At receiver j, the interference subspace denoted by I j can be written as
In order to decode its desired symbols, receiver j projects its received signal subspace given by colspan(H n jj V n j ) onto the subspace orthogonal to I j , and its successful decoding condition can be expressed as
If the above decodability condition is satisfied at all the receivers {D j } Clearly, the difference between the reduced conflict graph defined above and the regular conflict graph (see, e.g., [9, Ch. 2.2]) is the additional condition 2 in Definition 1, which suggests that the reduced conflict graph only accounts for the interference caused by the transmitters which are accompanied by at least one other interfering transmitter at some receiver node in the network. This implies that the set of edges in the reduced conflict graph is a subset of the edges in the regular conflict graph, hence the name "reduced" conflict graph.
Having the above definition, we state our main result. We now show a representative example where the achieved symmetric DoF by retransmission cannot be achieved by interference avoidance.
Example 1. A 6-user topology for which half symmetric DoF is achievable by a retransmission-based scheme, but it is not achievable by interference avoidance is depicted in Figure 1a .
(a) Figure 1b shows the regular and reduced conflict graph of this network. The solid black edges are the edges in the reduced conflict graph and the dashed red edges are the ones that exist in the regular conflict graph but are removed in the reduced conflict graph. It is clear that the reduced conflict graph is bipartite (with the two partite sets being {1, 3, 4} and {2, 5, 6}),
2 is achievable in this topology. However the addition of the dashed red edges in the regular conflict graph removes the bipartiteness property of the graph and therefore interference avoidance cannot achieve half symmetric DoF in this topology. In fact, since the chromatic number of the regular conflict graph in Figure 1b is 3, interference avoidance can only achieve a symmetric DoF of Theorem 1 follows from the converse and achievability proofs provided in Sections III-A and III-B, respectively.
A. Converse
In the first part of the proof, we show that if the reduced conflict graph G is not bipartite, then no linear coding scheme can be used to achieve half DoF for each user by coding over n time slots. Without loss of generality, we assume that n is even and prove that 1 2 DoF cannot be achieved simultaneously for all users. We first prove the following lemma. n has more than n 2 non-zero entries, the probability that v n lies in a specific n 2 dimensional subspace is zero, which is a contradiction.
We use the result of Lemma 1 with the following lemma to prove the converse. transmitters i 1 , i 2 , . . . , i k are silent. We then know from Lemma 2 that if there is an edge from vertex i to vertex j and vertex j has one or more outgoing edges, then in any of the n time slots, exactly one of transmitter i and transmitter j is active. It follows that we can color all the vertices in G that have one or more outgoing edges with two colors, such that any two colored neighboring vertices have different colors and all colored vertices that have outgoing edges to the same vertex have the same color. A valid 2−coloring for G is then complete by coloring each vertex with no outgoing edges by a different color from all its incoming neighbors. Since we found a valid 2−coloring for G, it follows that G is bipartite.
Lemma 2. If transmitter i is connected to receiver k, k = i and

B. Achievability
In the second part of the proof, we present a retransmissionbased scheme that achieves half DoF for each user if the reduced conflict graph G is bipartite. Consider a coding scheme over two time slots and suppose that each transmitter uses a point-to-point capacity achieving code and whenever it is activated in any of the two time slots, it transmits the selected codeword and otherwise it remains silent. The activation of transmitters is determined by the graph G as follows. Let P 1 and P 2 be the two partite sets constituting G. If vertex i has no outgoing edges, then transmitter i is activated in both time slots. For any remaining user j (corresponding to the nodes that have least one outgoing edge in G), if vertex j is in P k , k ∈ {1, 2}, then transmitter j is active in time slot k and inactive in the other time slot. As an example, for the 6-user topology of Figure 1a , the retransmission pattern can be written as follows, . (4) Each column in (4) corresponds to a user and each row corresponds to a time slot. For instance, transmitter 2 sends its codeword in time slot 1 and remains silent in time slot 2, whereas transmitter 6 repeats its codeword in both time slots. We now show that successful decoding is possible for almost all realizations of the channel coefficients, and hence, 1 2 DoF is achieved for each user over two time slots. For each receiver i with more than two interfering links, transmitter i is activated in a time slot where all interfering transmitters are silent, and hence, the successful decoding condition of (3) is guaranteed. In the example of Figure 1a , receivers 4 and 5 have two interfering links. Transmitters 2 and 5 are interfering at receiver 4, and hence, in (4), transmitters 2 and 5 are silent in the second time slot where transmitter 4 is active. Similarly, transmitters 3 and 4 are interfering at receiver 5, and hence, both are silent in the first time slot where transmitter 5 is active. For each receiver i with one interfering link, it is either the case that transmitter i is active in a time slot for which the interfering transmitter is silent (as is the case for receiver 6 in the example), or it is the case that at least one of transmitter i and the interfering transmitter is active in both time slots (as is the case for receivers 1, 2 and 3 in the example); in both cases, the condition in (3) is satisfied.
IV. NETWORK ANALYSIS
In this section, we numerically analyze the half symmetric DoF feasibility condition in a network setting that models cell edge users in heterogeneous networks. We consider a large square cell of side length R in which a×b macro base stations (BS) are located uniformly on a grid, thereby dividing the whole area into ab partitions. Moreover, there exist K femto base stations located randomly in the entire cell area, with a distribution that biases their location towards the partition boundaries. Each macro BS will have a corresponding receiver located randomly inside its partition, with a distribution that biases its location towards the center of the partition and each femto BS will have a small cell of radius r around itself, inside which a receiver is located uniformly at random. A realization of such a network model is illustrated in Figure 3 . As for the parameters, the entire cell side length is taken to be R = 10km, the femto BS small cell radius is taken to be r = 10m, the transmit powers of the macro and femto base stations are taken to be 20 dBm and 10 dBm, respectively, and the noise variance is taken to be -100 dBm. We consider the ITU-1411 LoS channel model, in which the transmission loss
where R bp = denotes the transmission loss at R bp , with h b , h m and λ being the BS antenna height, the mobile station antenna height and the transmission wavelength, respectively. The antenna heights are taken to be 1.5m and the carrier frequency is set to 2.4 GHz. We also consider shadowing with standard deviation of 10dB and Rayleigh fading with parameter 1 alongside the above channel model.
Each realization of the user locations and the channel gains results in a specific network topology, depending on whether the interfering signals are received above the noise level. We study the following questions: 1) How often is the half symmetric DoF feasibility condition mentioned in Theorem 1 satisfied under the considered network setting? 2) What is the actual rate that each user can achieve (beyond DoF analysis)? 3) What are the rate gains of the proposed retransmissionbased scheme beyond conventional schemes like interference avoidance? 4) How often can the topological interference alignment scheme of [2] achieve half symmetric DoF and no retransmission-based scheme can achieve it? Figure 4 shows the fraction of network realizations which satisfy the half symmetric DoF feasibility condition in Theorem 1 versus the number of femto base stations K. Obviously, increasing K results in denser networks, and hence, reduces the probability that the half symmetric DoF feasibility condition in Theorem 1 is satisfied. However, for small values of K, we observe that a considerable fraction of the topologies satisfy this condition. For example, for the case of K = 10, more than 87% of the topologies satisfy the condition for the 4 × 3 Macro BS grid and around 72% of the topologies satisfy the condition for the 5 × 4 Macro BS grid.
Focusing on the topologies in which the half symmetric DoF feasibility condition in Theorem 1 is satisfied, but interference avoidance cannot achieve it, we can evaluate the actual rate that each user can achieve and compare it with half of its pointto-point interference-free rate; i.e., 1 2 log(1 + SNR). Figure 5 compares the CDF of the user rates for our coding scheme to the user rates under interference avoidance and simple retransmission-based scheme is very close to half of the interference-free rates. Moreover, there is a considerable gap between the performance of our scheme in comparison with interference avoidance, especially at high rates. This shows that in these topologies, our simple scheme which is only based on retransmission of the signals has a remarkable rate performance aside from its DoF optimality.
We also compare the performance of our retransmissionbased scheme with the topological interference alignment scheme of [2] , which takes advantage of channels remaining fixed over time and uses linear schemes to align interference over time at unintended receivers. For the 4 × 3 macro grid with K = 30 femto BS's, 23% of the generated topologies satisfy the half symmetric DoF feasibility condition using retransmission-based schemes and 23.1% of topologies satisfy the half symmetric DoF feasibility condition for the alignment scheme of [2] . For the 5×4 macro grid with K = 30, 6.1% and 6.3% of topologies satisfy the condition for the retransmissionbased and alignment schemes, respectively. Interestingly, we observe that there are very few topologies in which assuming constant channels over time and using linear schemes and alignment of the interference can produce DoF gains over retransmission-based schemes and for most topologies, simpler retransmission-based schemes which are robust to channel variations suffice to achieve the optimal symmetric DoF.
In order to demonstrate the usefulness of our retransmissionbased scheme in another cellular setting, we also evaluate our scheme under the hexagonal cell model depicted in Figure 6 . This is a typical arrangement of twelve hexagonal cells, each with a side length of R. Similar to the previous setting, here there is a macro BS in the center of each cell, serving a receiver located randomly within the cell with a location distribution biased toward the center of the cell. Also, there exist K femto BS's located randomly inside the cells, with locations biased toward the cell edges and each of them serves a corresponding user located uniformly within a distance r of it. 2 We consider a cell side length of R = 1800m in this case in order to make the cell areas almost the same as the previous setting. The remaining parameters are completely kept the same as the previous case. For the sake of comparison, we consider the case of K = 20 femto base stations and focus on topologies where our retransmission-based scheme can achieve half symmetric DoF while interference avoidance cannot achieve it. The distribution of the user rates is plotted in Figure 7 . We have also plotted the distribution of half of the point-to-point interference-free rates as a benchmark. As the figure depicts, the results look very similar to the case of rectangular cells, therefore suggesting that our retranmissionbased scheme can effectively neutralize the interference in the case of hexagonal cells, as well.
V. CONCLUDING REMARKS
In this paper, we focused on the problem of achieving half symmetric DoF for time-varying interference networks with no CSIT beyond topology information. We introduced a necessary and sufficient condition for the feasibility of half symmetric DoF under retransmission-based schemes. The achievability was proved through a careful design of the retransmission pattern, and the converse was shown for any linear scheme by restricting the silence pattern of the transmitters assuming that half symmetric DoF is achievable. We showed that under a particular configuration for heterogeneous networks, the characterized condition is satisfied in a considerable fraction of topologies. We also demonstrated that our simple retransmission-based scheme yields significant rate gains over interference avoidance in many network topologies and its gains are not restricted to high-SNR analysis.
There are numerous interesting future directions to consider following this work. An important direction would be to characterize the symmetric DoF for the topologies in which half symmetric DoF cannot be achieved through retransmission. A significant progress has been made in this direction in [11] in which the linear symmetric DoF has been fully characterized for a class of topologies, which includes the topology in Figure 2 . Second, the application of the retransmission-based schemes in a device-to-device (D2D) network setting can be investigated. Especially, it would be interesting to study how much improvement such schemes can provide alongside with the spectrum sharing mechanisms designed for D2D networks, such as the ITLinQ scheme proposed in [12] [13] [14] and the cached ITLinQ scheme introduced in [15] . Third, the authors in [16] have considered time-varying topologies, in which the network topology is also changing over time. Extending the results of the paper to the case of time-varying topologies would hence be of particular interest. Finally, it is worthwhile to study the effect of cooperation between the nodes in the network (see, e.g., [17] ) on the result by checking whether such cooperation can be useful in further extending the class of topologies for which half symmetric DoF is achievable.
